Abstract-The problem of controlling noninvasive thermal therapies is formulated as the problem of directly controlling thermal dose of the target. To limit the damage to the surrounding normal tissue, the constraints on the peak allowable temperatures in the selected spacial locations are imposed. The developed controller has a cascade structure with a linear, constrained, model predictive temperature controller in the secondary loop. The temperature controller manipulates the intensity of the ultrasound transducer with saturation constraints, which noninvasively heats the spatially distributed target. The main nonlinear thermal dose controller dynamically generates the reference temperature trajectories for the temperature controller. The thermal dose controller is designed to force the treatment progression at either the actuation or temperature constraints, which is required to minimize the treatment time. The developed controller is applicable to high and low-intensity treatments, such as thermal ablation and thermoradiotherapy. The developed approach is tested using computer simulations for a one-dimensional model of a tumor with constraints on the maximum allowable temperature in the normal tissue and a constrained power output of the ultrasound transducer. The simulation results demonstrate that the proposed approach is effective at delivering the desired thermal dose in a near minimum time without violating constraints on the maximum allowable temperature in healthy tissue, despite significant plant-model mismatch introduced during numerical simulation. The results of in vitro and in vivo validation are reported elsewhere.
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I. INTRODUCTION
T HERMAL therapies involve the use of elevated temperatures for therapeutic applications. Dewhirst and Sneed [1] summarized seven Phase III trials that showed a positive effect of low-intensity thermal therapies in combination with radiation treatments for different cancer types and sites. Van der Zee and Hulshof [2] quote 18 randomized studies that showed positive effect of thermal therapies used in combination with radiotherapy (13 studies), chemotherapy (3 studies), or the combination of thermal, radio-and chemotherapies (2 studies). Similarly, the feasibility of high-intensity thermal therapies Manuscript received November 24, 2003 ; revised July 18, 2004 . This work was supported in part by the National Institutes of Health (NIH) under Grant NCI-RO1-CA87785 and in part by the National Science Foundation (NSF) under Grant NSF-CTS 0117300. Asterisk indicates corresponding author.
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(such as thermal surgery including high-intensity focused ultrasound therapy) to noninvasively coagulate/ablate spatially distributed targets inside the patient has been demonstrated in several studies. For instance, Hynynen et al. [3] used high temperature (up to 90 ) MR-guided ultrasound surgery to noninvasively coagulate benign breast fibroadenomas.
The concept of the thermal dose (TD) has been used to quantify the relationship between treatment efficacy and the target temperature as a function of time. It is generally agreed that the effectiveness of thermal treatments depends on the cumulative effect of elevated temperatures over the treatment time. Therefore, in the most general form, the pointwise thermal dose can be defined as (1) If the temperature distribution inside the target is characterized by its percentile value(s), or moment(s) (such as a median), then a single thermal dose can be assigned to the entire target, resulting in the simplified expression (2) where is the selected characterization of the temperature distribution.
Different expressions for the integrand in (1) and (2) have been previously proposed and used to characterize the treatment efficacy. Sapareto and Dewey [4] , based on extensive experimental results with cell culture, proposed to convert the treatment time , when the tissue is maintained at a uniform , to an equivalent time at temperature (usually 43 ) using (3) where the empirical constant [5] is given by for for for (4) One commonly used definition of the thermal dose is based on the number of the cumulative equivalent minutes at 43 (CEM43 ), which defines in (1) as (5) 0018-9294/$20.00 © 2005 IEEE An alternative expression for the thermal dose is based on , the 10th percentile of the measured temperatures 1 , which according to the clinical study of Leopold et al. [6] can be adequately used to characterize the treatment efficacy. The thermal dose based on (CEM43 ) is defined using (6) This last definition is used in multiple studies (see, for example, [7] , [8] ), and is adopted in this paper. Other definitions of the thermal dose based on different percentiles and moments of the temperature distributions have also been proposed [1] . Multiple definitions of the thermal dose indicate that the question of an adequate characterization of the efficacy of thermal treatments is not entirely resolved. In fact, a recent clinical Phase II study [7] indicates that the most commonly used definition of the thermal dose, CEM43
, does not correlate well with the treatment efficacy. Specifically, the study shows that with CEM43 as the efficacy measure, the achieved pCR (pathological complete response) is less than 75% in high-grade soft tissue sarcomas treated with thermoradiotherapy.
Despite the lack of the uniform acceptance of a single definition of the thermal dose, the general expressions (1) and (2) indicate that a thermal dose is a nonlinear integrator [9] of temperatures, and the control of the thermal dose is characterized by several distinguishing features irrespective of the selected expression for the integrand .
1) The absolute value of the dose is a nondecreasing, bounded variation function [10] . More specifically, whenever , reflecting the fact that the delivered dose cannot be reduced.
2) The system describing the dose delivery process is an example of a system with an aftereffect [11] . Indeed, when the actuation is switched off and the temperature of the target tends to its equilibrium values of 37 , the thermal dose continues to increase as long as the temperature remains elevated. 2 The subject of this paper is the control of the thermal dose in thermal treatments, including low and high intensity therapies. The direct control of the thermal dose is particularly important in the case of high-intensity, high temperature therapies, during which large temporal temperature fluctuations are common. The principal reasons why the effective feedback control of thermal treatments is essential include treatment disturbances, errors in thermal and power deposition models used during pre-treatment planning and optimization, and the need to limit damage to the normal tissue surrounding the tumor.
All previous research efforts (e.g., [12] , [13] ) concentrated on controlling temperatures in several spatial locations, which is largely a reflection of the difficulty of directly controlling thermal dose because of the highly nonlinear and integrating relationship between the dose and the temperatures. One exception is our previous work on low-intensity treatments [14] , [15] , where the direct control of the thermal dose 1 90% of all measured temperatures in the spatially distributed target are higher than T 2 According to the thermal dose definition (2) and (5), or (6), a nonzero thermal dose is delivered whenever T 39 C.
was achieved using continuous linearization of the dose-temperature relationship.
We formulate the problem of controlling thermal treatments as a problem of delivering the prescribed thermal dose, defined as CEM43 based on . The CEM43 dose has the same distinguishing features as the thermal dose in the most general definition. With minor modifications, the approach developed in this paper can be used to control the delivery of an alternatively defined thermal dose. The proposed approach is equally applicable to low-intensity treatments (e.g., combination therapies, such as hyperthermia + radiation) where the goal is usually to deliver 10 CEM43 [7] , and thermal surgeries, which typically require a higher dose of 240 CEM43 [16] . Unlike the results of the previous work [14] , [15] , the approach developed in this paper does not require linearization of the dose-temperature relationship, which makes it applicable to the control of high intensity treatments.
The developed controller has a cascade structure with the secondary temperature control loop receiving the reference trajectory from the outer thermal dose controller. The temperature controller is implemented as a linear, constrained, model-predictive controller (MPC), which ensures that the constraints on the maximum allowable temperature in the healthy tissue are satisfied, while dynamically minimizing the weighted 2-norm of the error between the actual and the desired temperature trajectories. The nonlinear thermal dose controller dynamically updates a reference trajectory for the temperature controller based on the difference between the desired final thermal dose and the already delivered dose.
The thermal dose controller is designed to minimize the treatment time without directly solving the minimum time problem. Simulations using a one-dimensional (1-D) model of a tumor with constraints on the maximum allowable temperature in normal tissues are performed to test the robustness and effectiveness of the proposed approach. The computer simulations show that a close to minimum treatment time for delivering the desired thermal dose is achieved despite plant-model mismatch, and without exceeding the maximum allowable temperature in the normal tissue. The results of in vitro and in vivo validation of the proposed approach are reported in [17] - [19] .
II. PROBLEM DESCRIPTION

A. Control Problem
The following control problem is posed: Achieve the desired final thermal dose, , in the tumor using noninvasive ultrasound power deposition. It is assumed that temperature measurements are available at a limited number of pointwise spatial locations, obtained using catheterized sensors, or localized magnetic resonance (MR) temperature measurements. Note that MR thermal images may be viewed as a collection of a large number of pointwise temperature measurements. To minimize side effects of the treatment, the maximum allowable temperature constraints may be imposed on the temperatures in normal tissues surrounding the tumor. The maximum power of the ultrasound transducer is constrained to prevent cavitation in tissue, and to account for hardware limitations. Furthermore, it is desirable to minimize the overall treatment time, , without violating the imposed temperature constraints. [22] - [27] .
The performance of the control system of the thermal treatment is evaluated using a 1-D tissue model shown in Fig. 1 , which preserves the most important features of the problem, including the spatial inhomogeneity and distributed nature of the target. The inhomogeneous tissue is modeled as a tumor surrounded by muscle layers on either side. In the 1-D case of Fig. 1 , (7) is reduced to (8) where constant conductivity is assumed, and is the depth into the tissue. It is further assumed that at both the skin surface ( ) and . Thermal and acoustic properties of each region are summarized in Table I .
2) Actuator Model: A single, focused ultrasound transducer with fixed characteristics is assumed. The spatial location of the transducer relative to the patient is assumed to be fixed during pre-treatment planning. These assumptions simplify the implementation of the controller and the analysis of its performance, but retain the essential features of the practical problem of controlling thermal treatments in a clinically common configuration. The controller developed in this paper can be modified to allow for moving and phased-array transducers.
With the above assumptions, the power deposition term represents the energy deposited by a focused ultrasound transducer. In the 1-D case, the energy deposition ( ) along the centerline of the transducer's ultrasound field is equal to [30] (9) where is the average intensity over the radiating surface, is the diameter of the transducer, is the radius of curvature and is the distance along the centerline from the transducer. and are attenuation coefficient and penetration length for layer , respectively. Fig. 2 shows the power deposition, , inside the tissue, for a transducer with , , and , which is used in the subsequent 1-D simulation study. The transducer is positioned at , or 17 cm away from the skin. With these assumptions, the focal point is at .
3) State Space Formulation:
After finite dimensional approximation, the bioheat transfer model (8) is expressed in the state-space form: (10) (11) where is the system matrix incorporating both conduction and perfusion terms and is the input matrix determined by (9) . For the 1-D case, the state is a vector of temperature elevations above in 131 mesh nodes of the tissue model and is , a single manipulated variable. In the output equation (11) , the operator selects the temperature.
III. DOSE CONTROLLER
The thermal dose control problem is characterized by several distinguishing features:
1) It is typically required to limit damage to the normal tissue, and to minimize the patient's pain and discomfort. The most natural expression of this requirement is to impose an upper constraint on the dose delivered to the normal tissue. However, constraints in such a formulation depend on future temperatures (noncausal constraints), thus leading to a noncausal dose controller, which is undesirable. To avoid noncausal formulation, we adopt an alternative approach of constraining the maximum allowable temperature in the normal tissue. 2) It is typically desirable to minimize the treatment time, which requires an aggressive controller. Though the closed-loop stability with an aggressive controller is not a concern in this case (the system is dissipative, returning to pretreatment thermal equilibrium after the actuation is switched off when the desired thermal dose is reached), it is difficult to avoid target overdosing in systems with aftereffect. 3) Model predictive control is an attractive approach to the control of the dose delivery problem because it directly accounts for actuation and state constraints, and, with an adequately long prediction horizon, the system aftereffects can be accounted for. However, a strongly nonlinear relationship between temperature and thermal dose limits the application of linear MPC methods. Furthermore, a significant plant-model mismatch should be expected: An accurate patient-and site-specific model of the treatment is difficult to develop, and the process is known to change during treatment. For example, the target may move or swell, or blood perfusion may increase significantly in response to the elevated temperature [31] , which strongly influences temperature distribution in the target, as well as in the healthy tissue. Our earlier work [14] , [15] utilized direct model-predictive thermal dose control with piecewise linearization of the thermal dose relation (2), (6), which limits its application to the case of relatively low temperature treatments. In particular, our first generation thermal dose controller is inadequate for poorly perfused tumors and high intensity, short duration therapies. In this paper, the problem of controlling noninvasive thermal therapies is formulated as the problem of directly controlling thermal dose without linearization.
Under the highly idealized assumptions of no plant-model mismatch, unperturbed treatment, and no effect of the thermal dose on the ultrasound power deposition and tissue heat transport, the thermal dose controller may be implemented as a feedforward controller (e.g., [32] ). However, to achieve an effective control of thermal treatments under realistic conditions, the feedback thermal dose controller is required.
The feedback thermal dose controller, as proposed in this paper, is computationally efficient and results in a close to timeoptimal treatment strategy. The developed controller may be viewed as inherently self-optimizing in the sense that it possesses structural properties which yield near time-minimal control without explicit on-line solution of the corresponding state and input constrained nonlinear optimal control problem.
A. Problem Statement
The thermal dose control problem is formulated as a problem of finding a controller , which maps the desired final thermal dose into the temperature trajectory (12) such that as . The role of the temperature controller is to track the reference trajectory while satisfying state and actuator constraints Several implementation alternatives of are discussed below. We start by considering different options for implementing as a feedforward controller depicted in Fig. 3 , where the temperature controller tracks the -generated reference temperature trajectory. Once the properties and limitations of the feedforward implementation are understood, the feedback thermal dose controller is proposed with the structural property that allows it to achieve near time-optimal solution without explicit on-line optimization. The simulation study is then used to investigate the performance of the controller under different assumptions.
B. Feedforward Control of the Thermal Dose
Ideally, a map (12) should be generated for each spatial location of the target, followed by the temperature control to its reference value. However, the existing power deposition transducers, such as the focused ultrasound transducer described in Section II-B2, do not allow for an arbitrary power deposition pattern needed for pointwise control of complete temperature distribution in the targets. The introduction of a reduced number of controlled variables, such as a temperature, can be used to circumvent the underactuated nature of the temperature control problem. Since has been shown to be an effective measure of treatment efficacy, we modify the general problem (12) , and design the dose controller to map the desired final thermal dose into the temperature trajectory
The map (13) may be implemented as (14) where and , , are inverse operators. To ensure the uniqueness of mapping (13) , additional conditions must be imposed. Such conditions may include the requirement that the map is optimal in some appropriate sense (e.g., minimum-time solution), or the uniqueness can be obtained by parameterizing the reference temperature (explicit parameterization) or the thermal dose (implicit parameterization) trajectories. Past experience and heuristic rules can also be used to obtain the reference temperature trajectory. Note that is generally unknown a priori.
In the case of explicit parameterization, is the identity operator. The reference temperature trajectory is expressed using the selected functional form , parameterized with a vector found from (15) In the case of thermal treatments with the adopted definition of the thermal dose, the map is governed by (2) with given by (6) . The simplest explicit parameterization is , which leads to the goal of standard hyperthermia [33] of maintaining a constant temperature during the entire treatment.
The implicit parameterization of the reference temperatures starts with the parameterization of the reference dose trajectory , where the parameterization vector is selected to satisfy the following equation: With the selected parameterization, the reference trajectory for is found from (20) where is the solution of the following equation:
obtained by differentiating expression (2) with defined by (6) . Note that the implicit parameterization is equivalent to the explicit parameterization . The simulation results for the feedforward control of the thermal dose with three different parameterizations (17)- (19) are depicted in Fig. 4 . All simulations use deviation temperature from thermal equilibrium . The simplest case of a "single-point" target is assumed, which often is an adequate model for small tumors. In the single-point case, the target temperature and are equal. The temperature controller is implemented as an unconstrained model predictive controller. Both linear and exponential parameterizations of the thermal dose require an instantaneous increase in the target temperature at the beginning of the treatment, which is not realizable. The linear parameterization also requires an instantaneous decrease of the target temperature toward the end of the treatment.
leads to a linear decrease of , which could be more closely followed by the controller. The Gompertz-parameterized thermal dose leads to the reference temperature trajectory, which could be closely followed, but the treatment time is now very long. Note that small errors in tracking high reference temperature may lead to significant errors in the delivered thermal dose at the end of the treatment.
To ensure that the reference temperature is feasible, the dynamic properties of the process should be explicitly taken into the account, requiring model-based parameterization of the map (13) . An alternative is to use a slowly changing reference temperature, which, however, leads to long treatment times.
C. Feedback Control of the Thermal Dose
The feedforward control of the thermal dose selected as the solution of the optimal control problem, or as an inverse problem with model-based parameterization, is sensitive to plant-model mismatch and process disturbances unavoidable during thermal treatments. Therefore, faithfully tracking the reference generated by feedforward based on an erroneous model makes little sense. If is generated as the optimal solution in some suitable sense, then dynamic recalculation of the optimal reference temperature trajectory to account for available measurements will lead to a nonlinear MPC approach to thermaldose control, which is computationally expensive. Other problems related to on-line calculation of the nonlinear optimal control include potential infeasibility of the solution, and failure to converge in deterministic time.
An alternative approach of implementing as an inversion based feedback controller is adopted in this paper. The proposed is designed to be a structurally self-optimizing controller, which generates a near time-optimal solution of the dose delivery problem without explicit on-line solution of the minimum-time problem.
is designed to map the difference between the desired and current thermal dose into the temperature trajectory (22) such that as , provided that is precisely tracked by the temperature controller. The map (22) can be implemented as (23) where and are inverse operators. To ensure the uniqueness of the map , the reference thermal dose is expressed using a selected functional form , parameterized with a vector . Then for every (24) Turning our attention to the problem of selecting parameterization , we first note that it follows from the Pontryagin's maximum principle [35] that the minimum treatment time is achieved when either power or/and temperature constraints are active. Therefore, to minimize the treatment time, at the beginning of the treatment when is large, the particular form of parameterizations is not important as long as the reference temperature trajectory is aggressive enough to force the activation of the power or temperature constraints. As approaches , to prevent the overshoot in the delivered thermal dose, the reference must become less aggressive so that the corresponding is an attainable trajectory. One possible with the desired properties is given by the implicit parameterization (25) The slope is calculated based on the difference between the delivered and the desired thermal dose, and the selected final treatment time (26) (27) where is the tuning parameter, referred to as moving treatment horizon. The subsequent simulation results show the effect of on the performance of . The alternative interpretation of (25) is obtained by noting that is equivalent to the explicit parameterization , . From this perspective, continuously recalculates a constant temperature setpoint, which, if maintained over , leads to the delivery of the remaining thermal dose . The parameterization (25) may be viewed as linear approximation of the optimal trajectory for , defined by (28) where the optimal temperature trajectory may be calculated from the solution of the minimum-time problem. Note that in our implementation of the dose controller, the explicit calculation of the time-optimal solution is not necessary.
With the obtained , is simply the inverse of the integral (2) with defined by (6) , resulting in the following reference trajectory: (29) is updated each time the next thermal dose estimation becomes available.
The selection of according to (25) with a small tuning parameter forces the activation of power and/or temperature constraints when is large. Toward the end of the treatment, the slope flattens, resulting in a more attainable reference trajectory . The deviation from time optimality of the proposed approach is caused by the difference in the way the thermal dose is delivered to the patient at the end of the treatment. In the minimumtime solution, the residual thermal dose is delivered during the tissue cooling with the power switched off. The temperature decay during cooling is close to exponential, and its piecewise constant approximation according to (29) will generally lead to small but nonzero power input with none of the constraints active. The overall structure of the thermal dose control system is depicted in Fig. 5 . At time , the temperatures , measured in a limited number of spatial locations inside the patient, , are used in a Kalman filter, , to estimate the temperature distribution for the entire spatial area of interest. The estimated temperature distribution, , is an input to the block , which selects the temperature of the target. is then fed back to the secondary temperature control loop. Block is used to estimate, according to (2) and (6), the thermal dose, , delivered to the patient up to the current time . is used as a feedback of the main (outer) thermal dose control loop. The difference between and the desired final dose , is used in the nonlinear controller , to compute the reference trajectory , using parameterization , (29) . The secondary temperature controller is implemented as the linear, constrained, model predictive controller, which generates control as a solution of the optimization problem (30) subject to the equality constraints in the form of the predictive model (10)- (11) , and the following inequality constraints:
Here, is the weight on the quadratic error between the desired and the predicted , weighs the control effort, and are prediction and control horizons, is the maximum allowable temperature in the normal tissue and is the transducer saturation limit. In our design, the control penalty is typically set to zero (and ), which reflects the objective of achieving near time-optimal solution. To avoid infeasibility of the temperature control problem, the constraints on the maximum allowable temperature in normal tissue are implemented as soft constraints: When satisfied, soft constraints have no effect on the objective function; when violated, a large penalty is imposed on the value of .
IV. SIMULATION RESULTS
The performance of the controller is tested on a simulated nonlinear plant, represented as a combination of a simulated patient (Fig. 5) with the nonlinear dose model given by (2) and (6) . Assuming a limited number of pointwise temperature measurements provided by catheterized sensors and/or MR thermometry, the estimation of the temperature distribution in the tumor and normal tissue is obtained using the Kalman filter, Block , Fig. 5 . For the 1-D case depicted in Fig. 1 , the temperature profile is estimated assuming pointwise temperature measurements in 18 spatial locations: 2 in the muscle before the tumor, 9 in the tumor and 7 in the muscle after the tumor. The assumed number of measurements is larger than in a typical clinical application with catheterized thermocouples, but is substantially smaller than achievable with MR thermal imaging. The sampling rate of 1 s is selected to match currently achievable sampling rate with the MRI thermometry [36] , [37] .
The maximum allowed transducer intensity is fixed at , selected to mimic high-intensity, short-duration thermal treatments, such as high-intensity focused ultrasound (HIFU) therapy. The previously designed thermal dose controller [14] provides satisfactory performance only for low-temperature therapies, and is inadequate for high-intensity, HIFU-type treatments. Compared to [14] , [15] , we do not assume that the power is applied in a pulsed form. The pulsed application of energy was thought to be necessary to prevent damage to the normal tissue by allowing it to cool during power-off intervals. With the direct incorporation of the temperature constraints into the design of the thermal dose controller, the pulsed-power is no longer required. The nominal blood perfusion is set to 5 . A substantial mismatch between the nominal and the actual perfusion is later introduced in the simulations (Sections IV-B and IV-C) to test the controller performance with large modeling errors, which may be present in clinical applications. The desired dose is set to 240 CEM43 (similar to the dose objective during thermal ablation [16] ) for all the simulations. The designed controller is equally applicable if the desired dose is much smaller, such as 10 CEM43 , which is a typical goal during combination therapy.
A. Accurate Model, No Temperature Constraints
In this case, no parametric mismatch between the plant and its model is present. Fig. 6 . The final thermal dose delivered during the treatment is approximately 300 cumulative equivalent minutes, which is substantially larger that the desired 240 CEM43
. The overdose is caused by a slightly longer than optimal time when the power is maintained at its upper constraint: The optimal switching time is between 90 and 91 s, and cannot be achieved with a 1 s sampling rate. Switching power off at 90 s will lead to undertreatment of the target. In general, a much faster update of the control input is required during high temperature therapies to avoid overdosing in the case when a substantial dose accrues during the tissue cooling process, as is the case with poorly perfused tumors. The strong nonlinearity between highly elevated temperatures and the thermal dose is clearly evident in this example. Also note that a very large residual thermal dose is delivered during the cooling of the tissue. The value of the residual thermal dose strongly depends on the thermal properties of the tissue, of which blood perfusion is usually not only the most important, but is also very site-and patient-specific.
A less aggressive tuning of the TD controller with leads to the precise delivery of the desired reference thermal dose. The control input remains near optimal. However, in this case the reference (linear) trajectory for the thermal dose is closely followed at the end of the treatment with the control input other than the extreme values of and . Further increase of will lead to an even longer treatment, and further deviation from the time optimal control policy.
Remark 1: In this paper, the treatment time is defined as the time during which the controller remains active (i.e., for all ). Fig. 6 indicates that during time-suboptimal treatment, the controller remains active for approximately 220 s compared to less than 100 s in the optimal case. However, the temperature remains above 39 for approximately the same period and, as a result, the final treatment dose is reached at approximately the same time in both cases.
Remark 2: The correlation between the time when is reached and is weak only in low perfusion cases. For high-perfusion targets (e.g., prostate and brain tumors), which require long treatment time, the situation is different since the final dose is reached at approximately . Thus, for high perfusion targets, the time-optimal treatment is desirable. The minimum time control is even more important when the treatment is carried out using multiple focal zones obtained by electronically steering a phased-array or mechanically repositioning a single focused transducer. In this case, the dose continues to be delivered as tissue cools in the previously treated zone, while the power is applied in a new location. 
B. Parametric Modeling Error, No Constraints
For the case of , simulations are performed to ascertain the robustness of the controller to plant-model mismatch. Fig. 7(a) depicts the results when the perfusion in the patient's tumor has changed from 5 to 3
, while the predictive model, used by the controller, retains the original value. This scenario reflects the fact that the blood flow in the tumor can change in unpredictable and unknown ways. Despite a substantial patient-model mismatch, the controller is able to maintain a near time-optimal treatment schedule. The treatment time is approximately the same as with higher perfusion, but the controller maintains the input at its upper constraint for a shorter period of time. In the last 60 s of the treatment, the controller gradually reduces the power to zero, which prevents overdosing. A value of shorter than 15 s leads to an instantaneous switching off of the power but results in overdose to the tumor.
C. Parametric Modeling Error, Constrained Temperature
This case is identical to the preceding case, except that the following constraint on the maximum temperature in the normal tissue is imposed: The temperature elevation must not exceed 7 at . As evident from Fig. 7(b) , the constraint is met, but it is necessary to substantially prolong the treatment compared to the unconstrained case of Fig. 7 (a) in order to reach the desired setpoint of 240 CEM43
. Note that the controller essentially operates with either power or temperature constraints active, indicating that minimum-time treatment is attained. There is no error between the delivered thermal dose and , which is possible because of substantially lower temperatures reached in the tumor and the consequent lower residual thermal dose delivered during cooling. Controlling the treatment at active temperature constraint in the normal tissue leads to essentially constant and linear trajectory of the thermal dose during much of the treatment. The treatment time with temperature constraints may be reduced with a highly focused moving or phased-array transducer, which enables a localized multi-zone treatment of the target.
V. DISCUSSION AND CONCLUSIONS
Traditionally, the problem of controlling thermal treatments is formulated as a temperature control problem. Because it is generally impossible to control the temperature distribution of the entire target (an underactuated problem of controlling an infinite-dimensional system with a limited number of manipulated variables), most previous work, e.g., [12] and [13] , was concentrated on controlling temperature in several point-wise locations. The alternative approach of directly controlling the thermal dose is advocated in this paper. Our decision is primarily motivated by the following factors.
1) The thermal dose is a measure of clinical efficacy of thermal treatments, though the most appropriate form of the TD relationship is still under investigation. 2) Maintaining the desired time-invariant temperature distribution with the currently available noninvasive ultrasound or radio frequency actuators is an underactuated (and thus infeasible) control problem. At the same time, there is generally an infinite number of time varying distributions , such that the nonlinear temperature integrator (1) or (2) achieves the desired values. Thus, control of the thermal dose is a well-posed problem.
3) Since we have a choice of time-varying temperature distributions which leads to the desired TD, the problem of selecting the time optimal treatment can be posed. Furthermore, we can require that certain constraints are met, which may include the requirement of maintaining the normal tissue temperature in the selected spatial locations below the specified peak value. However, very stringent temperature constraints may lead to an infeasible control problem, or require a very long treatment time. The design of the thermal dose controller is a challenging problem owing to highly nonlinear temperature-dose relationship, system aftereffect, and actuator and normal tissue constraints. The first effort toward direct control of the thermal dose in thermal therapies [14] , [15] required continuous linearization of the dose-temperature relationship. This restricted the applicability of the developed controller to the cases with relatively small temperature variability, and led to longer treatment times. The controller developed in this paper removes these limitations, making it applicable to a broad range of thermal therapies, including HIFU and other high-temperature therapies.
The proposed controller has a cascade structure. The main nonlinear thermal dose controller dynamically generates the updated reference temperature trajectory for the secondary temperature controller. The temperature controller is implemented as a linear, constrained MPC. The model predictive controller ensures that the maximum allowable temperature constraints in the normal tissue are not violated, and its predictive capability accounts for the residual thermal dose delivered when the transducer is switched off, which can be significant for low perfusion targets. The developed thermal dose controller is a computationally efficient, inversion-based, nonlinear controller that updates the reference trajectory for the MPC based on the difference between the desired and the delivered thermal dose. The simple and intuitive tuning of the thermal dose controller depends on a single parameter-the moving treatment horizon . It is shown that by selecting the treatment horizon a near time-optimal progression of the thermal treatments can be enforced without explicit on-line solution of the minimum-time optimal control problem.
Using 1-D simulations, it is shown that the desired thermal dose is delivered to the tumor even in the presence of a significant plant-model mismatch, and without violating constraints on normal tissue temperature. Simulation results, Fig. 7(b) , show that the controller operates with either normal tissue temperature and/or transducer saturation constraints active, which is necessary to minimize the treatment time. The experimental validation of the developed approach [17] shows an excellent agreement with the simulation results.
This paper details the theoretical development of the proposed approach to the control of thermal therapies and demonstrates its application to a 1-D case using computer simulations. The successful experimental testing of the developed controller with thin cylindrical phantoms [17] and in vivo canine muscle [18] was recently reported. The proposed approach is applicable to three-dimensional targets of clinical interest and can be modified for the case of moving and phased array transducers, which is the subject of ongoing research.
